We give three equivalent conditions for a uniform space to be coverable, including chain connected and uniformly joinable in the sense of [3] . We state several corollaries and correct an error in [2] . Keywords: universal cover, uniform space, continuum, fundamental group MSC: 55Q52; 54E15,55M10
The key ideas behind the papers [4] and [2] are: (1) in order to develop a covering space theory for topological spaces that have bad local topology, the appropriate category to work in is not topological spaces, but uniform spaces and uniformly continuous mappings. ( 2) The replacement for quotient mappings in this category is bi-uniformly continuous mappings (see below). ( 3) The appropriate replacement for curves is equivalence classes of chains. We showed in [2] that such a program can be carried out very nicely for a large class of uniform spaces called "coverable spaces". In particular the theory produces, for any uniform space X, a uniform space X, a natural uniformly continuous mapping φ : X → X and a group δ 1 (X) that acts on X. For coverable spaces the mapping φ has many of the properties of a universal covering map, such as lifting and universal properties, and we refer to the space X as the uniform universal cover of X. The group δ 1 (X) is an invariant of uniform structures and has properties like the fundamental group in this category. The reader is referred to [2] for the many specific theorems and examples of coverable spaces such as geodesic spaces, the Hawaiian earring and the topologist's sine curve.
Some months after delivering a series of lectures on my work with Berestovskii, I received via e-mail a copy of [3] , the authors of whom had attended my earlier lectures. Citing alleged "problems", "drawbacks" and disadvantages concerning the approach of [2] , the authors define the class of chain connected, uniformly joinable uniform spaces as the setting for a theory of universal covers based on the same three principles mentioned above. The authors state that their class of spaces has the "advantage" of containing the class of coverable spaces, but they do not even entertain the obvious question of whether their class is actually larger than the class of coverable spaces. In this note we show that it is not. The two classes coincide. Moreover, the space GP (X, x 0 ) defined in [3] is not only uniformly homeomorphic to X, it is in fact the same space as X. The authors' definition of GP (X, x 0 ) is simply a translation of our definition of X into the language of Rips complexes. What about the "natural uniform structure" they define on X (a.k.a. GP (X, x 0 ))? It is very easy to check that the basis element that they call F * for GP (X, x 0 ) is precisely the same set as our basis element φ −1 F (F * ) for X (of course the notation "F * " refers to different things in each of these papers, given an entourage F of X). Again, this is simply a matter of sorting through the definitions. Even though X and GP (X, x 0 ) are the same set with the same basis, the authors go through the motions of showing that the two are uniformly homeomorphic (Theorem 7.6). They do not actually write down the uniform homeomorphism (it is induced by a compatible collection of maps), but it is quite easy to express: it takes (in their notation!) an element
With this simple identification, the mapping π X : GP (X, X 0 ) → X of [3] is precisely the same as the mapping φ : X → X of [2] , and group ∨ π(X, x 0 ) of [3] is exactly the same as the group δ 1 (X) of [2] .
The authors also claim to define "in more generality" the notion of prodiscrete action, compared with the "more restrictive" definition of [4] (improperly cited by them as originating in [2] ). This assertion is incorrect. In fact their definition is, yet again, simply a rewording-in this case removing the language of topological groups.
Despite the fact that the basic theory in the paper is not new, [3] does provide some interesting equivalent conditions to define coverable spaces, as well as a different inverse system to obtain δ 1 (X). Their results can be used to answer some of the questions posed in [2] , and have applications to continua theory. I agree with the authors' contention that what we called "covers of uniform spaces" in [2] should be called something like "regular uniform covers" in analogy with the classical theory and in light of their introduction of covers in the uniform category that do not require a group action. In our notation their definition is as follows: Define a "uniform cover" between chain connected uniform spaces to be a bi-uniformly continuous mapping f : X → Y that induces a uniform homeomorphism f : X → Y . It is obvious that the composition of uniform covers is a uniform cover. This last statement is not true for regular uniform covers according to an example in [3] , but it is not clear why this fact is a "drawback". Thanks to Jurek Dydak for critiques and stimulating comments. In particular, he pointed out an error in [2] that is corrected in the present paper. Valera Berestovskii provided some valuable comments.
We will use the notation of [2] . In particular, we generally use f in place of f × f ; for example, if E is an entourage in a uniform space we will write f (E) rather than (f × f ) (E). Given a uniform space X, the space X is the inverse limit of the fundamental inverse system (X E , φ EF ) of X. For any entourage E, X E is the space of E-homotopy classes of E-chains α := {x 0 = * , ..., x n }, where by definition of E-chain, (x i , x i+1 ) ∈ E for all i; and an E-homotopy is a finite sequence of moves starting with α, where each move consists of adding or taking away a point (but not endpoints!) so long as doing so results in an E-chain. Here * is some basepoint, but for chain connected spaces (every pair of points is joined by an E-chain for all E) nothing of consequence depends on the choice of basepoint so we generally eliminate it from the notation. The space X E , the elements of which are denoted [α] E , has a natural uniform structure having a basis consisting of sets F * , where
The uniformly continuous mapping φ EF : X F → X E simply considers an Fchain as an E-chain, and the uniformly continuous mapping φ XE : X E → X is the endpoint mapping. In fact these mappings are bi-uniformly continuous in the sense that the inverse image of any entourage is an entourage, and the image of any entourage is an entourage in the subspace uniformity of the image of the mapping. We will denote by φ E : X → X E and φ : X → X the natural projections. Given a uniformly continuous mapping f : X → Y and entourages E, F in X, Y , respectively, such that f (E) ⊂ F , there is a unique basepoint-preserving uniformly continuous function
We will provide more backround later as needed.
We start with a technical result.
Proposition 1 Let X be a uniform space and F ⊂ E be entourages in X.
The following diagram commutes, where ω is the natural uniform homeomorphism defined in Proposition 23 of [2] and for simplicity φ EF * denotes φ XE F * . [2] , and by definition of the inverse limit, φ EF • φ F = φ E . Therefore we need only check the commutativity of the large upper triangle. To check this we need to recall the definition of ω.
* . This means that we may write φ E (y 1 ) = [ * = w 0 , ..., w m , x 1 ] E , where x 1 is the endpoint of y 1 , {w 0 , ..., w m , * } is E-homotopic to the identity and ( * , x 1 ) ∈ F . But then we may use the null E-homotopy of {w 0 , ..., w m , * } to see that φ E (y 1 ) = [ * , ..., w m , * ,
Proceeding inductively with essentially the same argument, we see that φ E (y i ) = [ * , x 1 , .., x i ] E , where x i is the endpoint of φ E (y i ) and {x 0 , ..., x n } is an F -chain. By definition,
Therefore, Proof. Suppose X is chain connected and let U be a nonempty uniformly open subset of X. If E is an entourage as in the definition of uniformly open, then any E-chain starting at x cannot leave U and so U = X. Conversely, suppose that X is not chain connected; so there exist some E and x, y ∈ X such that x and y are not joined by an E-chain. Let U be the set of all points that are joined to x by an E-chain. If z ∈ U then clearly B(z, E) ∈ U ; hence U is uniformly open. Since y is not in U , U is not equal to X. Universal uniform spaces, universal and invariant bases were defined in [2] , and the definitions will be explained in the proofs below. Proof. Let E be any entourage in X and A be the uniformly open image of φ E in X E . By definition there is some entourage
We have a commutative diagram from the previous proposition:
where I is the inclusion. We claim that the uniformly continuous function I DF * is in fact a uniform homeomorphism onto its image. By definition,
Put another way, if one starts with a D-chain, then any F * -homotopy of that chain must be a D-homotopy. Now an entourage in A D is of the form W = (K * ∩ (A × A)) * , where K is an entourage in X. To finish the proof of the claim we will show that
Elements of the left hand set are ordered pairs
But as explained above, F * -homotopies starting with D-chains must be D-homotopies, and moreover, (
Next, the image of ζ, and hence the image of (φ E ) GF * , is contained in the image of I DF * . In fact, the common image of ζ and (φ E 
and therefore the bottom triangle commutes. Likewise,
showing that the entire diagram commutes. Since X is chain connected, φ e XG is surjective. By definition, G = φ −1 E (D) and the hypotheses of Proposition 33 in [2] are satisfied, implying that φ e XG is a uniform homeomorphism. By definition G is a universal entourage and since it is of the form φ
, it is invariant (cf. Proposition 41 of [4] ). Finally, since E was arbitrary, the set of all such G forms a basis for the uniformity of X.
Alas, the proof of Corollary 61 in [2] is not correct-or rather, the proof is correct for a weaker statement. The penultimate sentence in the proof requires an additional assumpion. For example, the proof is correct for the following statement:
quotient via an action on a uniform space X and X has a universal basis that is invariant with respect to the action, then Y is coverable.
Corollary 61 was only used to establish the equivalence of the definition of "coverable topological group" as defined in [1] with the definition in [2] when applied to topological groups considered as uniform spaces. In particular, none of the results of [1] cited in the current paper relies on this corollary; Lemma 6 will suffice for what follows. After some additional results we will be in a position to prove Corollary 61 below.
We now need to explain some notions from [3] using our present notation. A "generalized curve" α in a uniform space X joining points x and y consists of a collection {[c E ] E } of E-homotopy classes (as defined above) of E-chains joining x and y such that if
For example the set of all generalized curves starting at a basepoint * is precisely X (which is called GP (X, * ) in [3] ). A uniform space X is "joinable" if every pair of points in X is joined by a generalized curve; clearly this is equivalent to the surjectivity of φ : X → X (regardless of basepoint). X is called "uniformly joinable" if for every entourage E there is an entourage F such that whenever (x, y) ∈ F , x and y are joined by a generalized curve
Theorem 7 For a uniform space X, the following are equivalent:
X is chain connected and uniformly joinable.
3. X is chain connected and for each entourage E in X and any choice of basepoint, φ E ( X) is uniformly open in X E .
φ : X → X is a bi-uniformly continuous surjection.
Proof. 2 ⇔ 4 is a restatement of Proposition 4.6 of [3] . To prove 2 ⇒ 3, note that by definition of uniformly joinable, there is some entourage F such that if (x, y) ∈ F , x and y are joined by an E-short generalized curve; we may assume F ⊂ E. Let α = { * = x 0 , ..., x n } be an E-chain with
* then by definition of F * we may assume that β is of the form { * = x 0 , ..., x n−1 , x} with (x, x n ) ∈ F . That is, there is an E-short generalized curve {[c D ] D } joining x n and x with c E = {x n , x}. Now if To prove 3 ⇒ 2, suppose that φ E ( X) is uniformly open for all E and any choice of basepoint. Fix any basepoint * ; so there is some
Since X is chain connected there is some F -chain α = {x 0 = * , ..., x n−1 , x} and we may let β := {x 0 , ..., x n−1 , x, y}. Note that since ([x 0 , ...,
in fact one may remove the points x 0 , x 1 , x 1 , ...x n−1 , x n−1 , x in succession to create an Ehomotopy between α −1 E * β E and {x, y}. 1 ⇒ 4 follows from Theorem 45 in [2] . For the last implication we will assume all of the equivalent conditions 2 − 4 and prove 1. By Corollary 4.13 of [3] , GP (X, x 0 ) is chain connected, and since it is uniformly homomorphic to X, X is chain connected. We now may apply Proposition 5 to conclude that X has an invariant universal basis with respect to the isomorphic action of δ 1 (X). By condition 4 the function φ is in fact a quotient with respect to this action (cf. Theorem 11 in [4] ). We may now apply Lemma 6 to finish the proof.
The next corollary is the statement Corollary 61 in [2] : Proof. According to Proposition 57 in [2] we have the lift f L : X → Y which satisfies φ • f L = f , where φ : Y → Y is the projection. But then φ must be a uniformly continuous surjection. If E is an entourage in Y , then since f is bi-uniformly continuous, f (f
is an entourage that is contained in φ(E). This proves that φ is bi-uniformly continuous and hence Y is coverable by Theorem 7.
Corollary 9 If X is coverable then E is a covering entourage if and only if X E is chain connected.
Proof. If E is a covering entourage then by definition φ E : X → X E is surjective. Since X is chain connected, so is X E . Conversely, if X E is chain connected then by Lemma 3 and the third part of Theorem 7, φ E must be surjective.
Note that the last part of the proof of Theorem 7 is constructive; it actually provides a covering basis. Here we sort through all the steps without the distraction of proving the commutativity of the various diagrams. The proof of Lemma 6, which is actually in [2] shows that the covering entourages are of the form φ(G), where G is an invariant universal entourage in X. The universal entourages in X come from Proposition 5, and they are of the form φ −1 E (F * ) where F is sufficiently small given a fixed E. Letting A := φ E ( X) we have
Combining this with Corollary 4 we obtain:
Corollary 10 Let X be a coverable uniform space. For any entourage E, X E has a maximal uniformly open set A containing the basepoint, and for sufficiently small F , φ XE (F * ∩ (A × A)) is a covering entourage.
For any uniform space X we will denote by X the set φ( X) with the uniform structure having a basis consisting of entourages of the form
where E is an entourage in X. It is easy to check that E ⊂ E ∩ (φ( X) × φ( X)) and so the inclusion of X into X is uniformly continuous. Moreover, the sets φ
E (E * ) form the basis for the uniformity of X and therefore the mapping φ : X → X is bi-uniformly continuous with respect to this uniformity on X.
Corollary 11 If X is any uniform space such that X is universal, then X is coverable. 
Example 12 Let

